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INEQUALITIES FOR QUANTUM /-DIVERGENCE OF TRACE 
CLASS OPERATORS IN HILBERT SPACES 

S.S. DRAG0MIR1’2 


Abstract. Some inequalities for quantum /-divergence of trace class opera¬ 
tors in Hilbert spaces are obtained. It is shown that for normalised convex 
functions it is nonnegative. Some upper bounds for quantum /-divergence 
in terms of variational and x^-distance are provided. Applications for some 
classes of divergence measures such as Umegaki and Tsallis relative entropies 
are also given. 


1. Introduction 

Let (A, A) be a measurable space satisfying |A| > 2 and /t be a cr-finite measure 
on (A, A) . Let V be the set of all probability measures on (A, A) which are abso¬ 
lutely continuous with respect to For P, Q G V, P = ^ ami q — ^ denote 
the Radon-Nikodym derivatives of P and Q with respect to fi. 

Two probability measures P, Q G V are said to be orthogonal and we denote 
this by Q _L P if 

P({<Z = 0})=Q({p = 0}) = l. 

Let / : [0,oo) —>■ (— 00 , 00 ] be a convex function that is continuous at 0, i.e., 

/ (0) = lim„;o / (w) ■ 

In 1963, I. Csiszar [10] introduced the concept of /-divergence as follows. 


Definition 1. Let P, Q gV . Then 

(1.1) if{Q,P) = [ p{x)f 

Jx 


q{x) 


p{x)_ 


dp(x ), 


is called the f -divergence of the probability distributions Q and P. 

Remark 1. Observe that, the integrand in the formula a is undefined when 
p (x) = 0. The way to overcome this problem is to postulate for f as above that 


( 1 . 2 ) 


Of 


qjx) 

0 


= q (a:) lira 

uiO 


uf 1 - 


X G X. 


We now give some examples of /-divergences that are well-known and often used 
in the literature (see also i)- 
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1.1. The Class of ^“-Divergences. The /-divergences of this class, which is 
generated by the function a S [1, oo), defined by 

= |u- 1|“, UG[0 ,Oo) 


have the form 

(1.3) If{Q,p)= [ p 

Jx 


- 1 


dfi= [ °‘\q-pfdp. 
Jx 


From this class only the parameter a = 1 provides a distance in the topologi¬ 
cal sense, namely the total variation distance V {Q,P) = \q — p\dp. The most 
prominent special case of this class is, however, Karl Pearson’s x^-divergence 


xUQ.P)= [ -dp-1 
Jx P 


that is obtained for a = 2. 


1.2. Dichotomy Class. From this class, generated by the function fa ■ [0,oo) — >■ 
K 

u — 1 — In u for a = 0; 

fa {u) = < a{i-a) [au + 1 - tt - m“] for o G M\ {0,1} ; 

1 — M -|- u In M for 0 = 1; 

only the parameter a = ^ ^/i (u) = 2 (^/u — 1)^^ provides a distance, namely, the 
Hellinger distance 


H{Q,P) = 


lx 


(\/9 - Vpf dp 


Another important divergence is the Kullback-Leibler divergence obtained for 

0 = 1 , 


KL {Q,P) = 




dp. 


1.3. Matsushita’s Divergences. The elements of this class, which is generated 
by the function a G (0,1] given by 

:= |1-m“|“ , uG[0,oo), 

are prototypes of metric divergences, providing the distances {Q, . 

1.4. Puri-Vincze Divergences. This class is generated by the functions $q,, o G 
[1, oo) given by 

ii-ur 


(u) := 


xa-l ’ 


u G [0, oo). 


(u+l)° 

It has been shown in m that this class provides the distances {Q, P)] “ . 
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1.5. Divergences of Arimoto-type. This class is generated by the functions 


(u) := < 


a-1 


(1 + m “)“ - 2^-1 (1 + m ) 


for a G (0, oo) \ {1} ; 


(1 + u) ln2 + itlnu — (1 + u) In (1 + u) for 0 = 1; 

^ 11 — MI for a = oo. 


It has been shown in [33] that this class provides the distances [Iq,^ {Q, ») 

for a G (0, oo) and (Q, P) for a = oo. 

For / continuous convex on [0,oo) we obtain the ^-conjugate function of / by 


r (n) 



u G (0, oo) 


and 

r (o) = iimr («)• 

It is also known that if / is continuous convex on [0,oo) then so is /*. 

The following two theorems contain the most basic properties of /-divergences. 
For their proofs we refer the reader to Chapter 1 of [2^ (see also [6]). 


Theorem 1 (Uniqueness and Symmetry Theorem). Let /, fi be continuous convex 
on [0, oo). IFe have 

for all P,Q G V if and only if there exists a constant c G K such that 

h (u) = f{u) + c{u-l), 

for any u G [0, oo). 


Theorem 2 (Range of Values Theorem). Let f : [0,oo) M. be a continuous 
convex function on [0,oo). 

For any P,Q GV, we have the double inequality 

(1-4) /(l)<//(Q,P)</(0) + /*(0). 

(i) If P = Q, then the equality holds in the first part of 

If f is strictly convex at 1, then the equality holds in the first part of o if and 
only if P = Q] 

(ii) If Q J- P, then the equality holds in the second part of O- 

If f (0) + /* (0) < oo, then equality holds in the second part of o if and only 
ifQPP 

The following result is a refinement of the second inequality in Theorem [2| (see 
[5] Theorem 3]). 

Theorem 3. Let f be a continuous convex function on [0,oo) with / (I) = 0 (f is 
normalised) and f (0) + /* (0) < oo. Then 

(1-5) 0 < If (Q, P)<l[f (0) + r (0)] F (Q, P) 

for any Q,P GP. 
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1,2 

For other inequalities for /-divergence see [5], [T^-[22]. 

Motivated by the above results, in this paper we obtain some new inequalities for 
quantum /-divergence of trace class operators in Hilbert spaces. It is shown that 
for normalised convex functions it is nonnegative. Some upper bounds for quantum 
/-divergence in terms of variational and y^-distance are provided. Applications for 
some classes of divergence measures such as Umegaki and Tsallis relative entropies 
are also given. 

In what follows we recall some facts we need concerning the trace of operators 
and quantum /-divergence for trace class operators in infinite dimensional complex 
Hilbert spaces. 


2. Some Preliminary Facts 

2.1. Some Facts on Trace of Operators. Let {H, {■,■)) be a complex Hilbert 
space and an orthonormal basis of H. We say that A £ B {H) is a Hilbert- 

Schmidt operator if 

( 2 . 1 ) < 00 . 

iel 

It is well know that, if and are orthonormal bases for H and A £ 

B (H) then 

(2.2) ^ ||Ae.f = ^ \\Af,f = ^ \\A*f,f 

iGi jGi jei 

showing that the definition m is independent of the orthonormal basis and A is 
a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator. 

Let B 2 {H) the set of Hilbert-Schmidt operators in B (H) . For A £ B 2 (H) we 
define 



for {ei}ig/ an orthonormal basis of H. This definition does not depend on the choice 
of the orthonormal basis. 

Using the triangle inequality in P (!), one checks that B 2 (H) is a vector spaee 
and that 11-112 is a norm on B 2 (H) , which is usually called in the literature as the 
Hilbert-Sehmidt norm. 

Denote the modulus of an operator A £ B {H) by |A| := {A* . 

Because |||A|x|| = ||Ax|| for all x £ H, A is Hilbert-Schmidt iff \A\ is Hilbert- 
Schmidt and IIAII 2 = IIIAIII 2 . From (12.211 we have that ii A £ B 2 (H) , then A* £ 
H2(i^)and ||A||2 = ||A*||2. 

The following theorem collects some of the most important properties of Hilbert- 
Schmidt operators: 

Theorem 4. We have: 

(i) {B 2 (H ), 11 - 112 ) is a Hilbert space with inner product 
(2.4) (A, 5)2 := ^ {Ae,,Bei) = ^ {B*Ae,, e,) 

iG/ iG/ 

and the definition does not depend on the choice of the orthonormal basis {ei}^^j; 
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(a) We have the inequalities 

(2.5) Pll < PII 2 
for any A G B 2 (H) and 

(2.6) \\AT\\,, \\TA\\,<\\T\\\\A\\, 

for any A G B 2 (H) and T G B (H ); 

(Hi) B 2 (H) is an operator ideal in B (H), i.e. 

B{H)B2 iH)B{H)CB2 (H); 

(iv) Bfin (H), the space of operators of finite rank, is a dense subspace ofB 2 (H ); 

(v) B 2 (H) C K. (H), where K. (H) denotes the algebra of compact operators on 
H. 

If {ei}jg 7 an orthonormal basis of H, we say that A G B (H) is trace class if 

(2.7) Pll^ :=^(|A|ei,ei) < 00 . 

iei 

The definition of ||A||j^ does not depend on the choice of the orthonormal basis 
. We denote by Bi {H) the set of trace class operators in B (H). 

The following proposition holds: 

Proposition 1. If A G B (H), then the following are equivalent: 

(i) AgBi (H) ; 

(tt) \A\^/^gB 2 (H); 

(ii) A (or |A|) is the product of two elements of B 2 (H). 

The following properties are also well known: 

Theorem 5. With the above notations: 

(i) We have 

(2.8) ||A||, = ||T*||, and < ||A||, 

for any A G Bi {H ); 

(ii) Bi (H) is an operator ideal in B (H), i.e. 

B{H)Bi iH)B{H)CBi (H); 

(Hi) We have 

B 2 {H)B2 iH)^Bi (H); 

(iv) We have 

II All, = sup {(A 5)2 \BgB2{H), ||i?||<l}; 

(v) {Bi (H), ||.||,) is a Banach space. 

(iv) We have the following isometric isomorphisms 

Bi (H) ^ K (H)* and Bi (H)* ^B{H), 

where K (H)* is the dual space of K (H) and Bi (H)* is the dual space of Bi (H). 
We define the trace of a trace class operator A G Bi (H) to be 

(2.9) tr(A) := ^ (Aei,ei), 

i^I 
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where an orthonormal basis of H. Note that this coincides with the usual 

definition of the trace if H is finite-dimensional. We observe that the series (IHl) 
converges absolutely and it is independent from the choice of basis. 

The following result collects some properties of the trace: 

Theorem 6. We have: 

(i) If A G Bi {H) then A* G Bi (H) and 


(2.10) tr(yl*) = tr(A); 

(ii) If A G Bi (H) and T G B (H ), then AT, TA G Bi (H) and 

(2.11) tr {AT) = tr {TA) and |tr {AT)\ < ||A||i ||T|1; 

(Hi) tr (•) is a bounded linear functional on Bi {H) with ||tr|| = 1; 

(iv) If A, B G B 2 {H) then AB, BA G Bi {H) and tr {AB) = tr {BA) ; 

(v) Bfin {H) is a dense subspace of Bi {H). 

Utilising the trace notation we obviously have that 

{A, B)^ = tr {B*A) = tr {AB*) and \\A\\\ = tr {A* A) = tr 
for any A, B G B 2 {H ). 

The following Holder’s type inequality has been obtained by Ruskai in 

(2.12) |tr(HB)| <tr(|HH|) < [tr “ [tr 

where a G (0,1) and A, B G B {H) with G Bi {H). 

In particular, for a = i we get the Schwarz inequality 


(2.13) 


|tr {AB) I < tr (|H^i?|) < 


tr 


1/2 r 


tr \B 


1 I /2 


with A, B G B 2 {H) . 

If H > 0 and P G Bi {H) with P >0, then 


(2.14) 


0<tr(PH) < ||H||tr(P). 


Indeed, since ^ > 0, then {Ax,x) > 0 for any x G H.li 
basis of H, then 

2 

{Pei,ei) 


an orthonormal 


0 < < pii ||pi/2g^ 

for any i G I. Summing over i G I we get 

0 < ^ {ap^^^c,, P^/^Ci) < II All ^ (Pe„ e.) = 


|tr(P) 

iGl i&I 

and since 

^ (Api/^ei, Pi/^e.) = ^ (pi/^Api/^e,, e,) = tr (pi/^AP^/^) = tr (PA) 

iG/ iG/ 

we obtain the desired result (I2.14|) . 

This obviously imply the fact that, if A and B are selfadjoint operators with 
A < B and P G Bi {H) with P > 0, then 

(2.15) tr (PA) < tr (PP). 
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Now, if A is a selfadjoint operator, then we know that 
\{Ax,x) \ < {\A\x,x) for any x € H. 

This inequality follows by Jensen’s inequality for the convex function / (t) = |t| 
defined on a closed interval containing the spectrum of A. 

If {ciljgj is an orthonormal basis of H, then 


(2.16) |tr(PH)| = 




iGl 

iGl 

< ^(|H|pV2e„pV2e.) 

iGl 

= tr(P|H|), 


for any A a selfadjoint operator and P G {H) := {P G Bi {H) with P > 0}. 

For the theory of trace functionals and their applications the reader is referred 
to [39]. 

For some classical trace inequalities see m. i, m and [43] . which are continu¬ 
ations of the work of Bellman [3] . For related works the reader can refer to 

H, ED, EE], ES], EH, EZ] and gS]. 


2.2. Quantum /-Divergence for Trace Class Operators. On complex Hilbert 
space {B 2 (H ), (•, •) 2 ), where the Hilbert-Schmidt inner product is defined by 

([/,H)2 :=tT{V*U), U, V€B2{H), 

for A, B G {H) consider the operators Za '■ B 2 (H) — B 2 {H) and : 
B 2 {H) —>• B 2 (H) defined by 

ZaT := AT and IHsT := TB. 


We observe that they are well defined and since 

{ZaT,T)^ = {AT,T)^ = tT{T*AT) = tr (\T*\^ A^ > 0 


and 

(9IbT, r )2 = {TB, T )2 = tr {T*TB) = tr (\Tf p) > 0 

for any T G B 2 (H) , they are also positive in the operator order of B [B 2 (H j ), 
the Banach algebra of all bounded operators on B 2 (H) with the norm 11-112 where 

||r||2=tr(|T|2),TGP2(P). 

Since tr = tr for any X G B 2 {H) , then also 

tr iT*AT) = tr (t*A^/'^A^/^T^ = tr (^(^A^/'^Ty A^^^t'^ 




T* A^^"^ 


for H > 0 and T G B 2 {H) ■ 

We observe that £^1 and IHb are commutative, therefore the product Za'Z\b is a 
selfadjoint positive operator in B {B 2 (H)) for any positive operators A,B G B (H). 

For A, B G B^ {H) with B invertible, we define the Araki transform ^a,b '■ 
B 2 (H) B 2 {H) by Stn.B := Za^b-^- We observe that for T G B 2 (H) we have 
^a.bT = ATB~^ and 


{%a,bT,T)^ = (Hrp-\T )2 = tr {T*ATB-^) . 
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Observe also, by the properties of trace, that 
tr {T*ATB-^) = tr 


tr [a^I^TB-^I^^) = tr (^\a^/^TB-^/^\^^ 


giving that 
(2.17) 


{^a,bT, T) = tr 


AA^'^TB~^I'^ 


> 0 


for any T £ B 2 (H). 

We observe that, by the definition of operator order and by (j2.17l) we have 
rlB 2 {H) < Slyi.B < R^B 2 {h) for some i? > r > 0 if and only if 


(2.18) 


rtr 



< tr 


A^/^TB-^/^ 


< Rtr 


for any T £ B 2 {H). 

We also notice that a sufficient condition for (|2.18l) to hold is that the following 
inequality in the operator order of S (77) is satished 


(2.19) 


■|T|^ < 




<R\T\^ 


for any T £ B 2 (77). 

Let [/ be a selfadjoint linear operator on a complex Hilbert space {K; {■,■)). 
The Gelfand map establishes a *-isometrically isomorphism $ between the set 
C (Sp (17)) of all continuous functions dehned on the spectrum of U, denoted Sp (17), 
and the C'*-algebra C* (17) generated by U and the identity operator Ik on K as 
follows: 

For any f,q £ C (Sp (U)) and any a, B £ C we have 

(i) d> (a/ + Pg) = ad> (/) + /3$ (5); 

(ii) $ ifg) = $ (/) d> (g) and d> (/) = d> (/)* ; 

(hi) ||d> (/)|| = ll/ll := sup(gsp([;) 1/ (7)1; 

(iv) d> (/o) = Ik and $ (/i) = U, where /o (7) = 1 and fi (7) = 7, for 7 S Sp (17). 

With this notation we define 


/ (17) :=$(/) forall/eC(Sp(17)) 

and we call it the continuous functional calculus for a selfadjoint operator U. 

If 17 is a selfadjoint operator and / is a real valued continuous function on Sp (17), 
then / (7) >0 for any 7 G Sp (17) implies that / (17) > 0, i.e. / (17) is a positive 
operator on 77. Moreover, if both / and g are real valued functions on Sp (17) then 
the following important property holds: 

(P) f {t)> g (7) for any 7 G Sp (17) implies that / (17) > g (17) 
in the operator order of B (77). 

Let / : [0, 00 ) —>• R be a continuous function. Utilising the continuous functional 
calculus for the Araki selfadjoint operator G B {B 2 (77)) we can define the 

quantum f -divergence for Q, P £ Si (77) := {P £ Bi (77) , P > 0 with tr (P) = 1 } 
and P invertible, by 

Sf (Q, P) := (/ (21q,p) Pfo2, Pifo^^ = tr (pifo/ p) pi/ 2 ) . 
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If we consider the continuous convex function / : [0, oo) —^ K, with / (0) := 0 
and / (t) = t In / for / > 0 then for Q,P & Si (H) and Q, P invertible we have 

Sf (Q, P) = tr [Q (InQ - InP)] =: U (Q, P ), 

which is the Umegaki relative entropy. 

If we take the continuous convex function / : [0, oo) —>■ K, / (/) = |/ — 1| for / > 0 
then for Q, P G iSi {H) with P invertible we have 

Sf{Q,P)=tT{\Q-P\)=:V{Q,P), 

where V (Q, P) is the variational distance. 

If we take / : [0, oo) —>■ M, / (/) = /^ — 1 for / > 0 then for Q,P G Si (H) with P 
invertible we have 


Sf (Q, P) = tr (Q2p-i) - 1 =: x" (Q, P ), 


which is called the 'distance 

Let q G (0,1) and define the convex function fq : [0, oo) —>■ R by /, (/) 
Then 


SfAQ.p) 


1 - tr 


1 - 1 “ 
1-9 ■ 


which is Tsallis relative entropy. 

If we consider the convex function / : [0,oo) —>■ 


by f{t) = ^ {Vi - l)^ , then 


Sf (Q, P) = 1 - tr (Qi/2pi/2) =; (Q, P ), 


which is known as Hellinger discrimination. 

If we take / : (0,oo) —>■ R, / (/) = —In/ then for Q,P G Si (H) and Q,P 
invertible we have 


Sf{Q,P)=ti[P (In P - In Q)] = U (P, Q). 

The reader can obtain other particular quantum /-divergence measures by utilizing 
the normalized convex functions from Introduction, namely the convex functions 
defining the dichotomy class, Matsushita’s divergences, Puri-Vincze divergences or 
divergences of Arimoto-type. We omit the details. 

In the important case of finite dimensional space PI and the generalized inverse 
P“^, numerous properties of the quantum /-divergence, mostly in the case when / 
is operator convex, have been obtained in the recent papers [25] , [26] , [34] , [35] and 
the references therein. 

In what follows we obtain several inequalities for the larger class of convex func¬ 
tions on an interval. 


3. Inequalities for / Convex and Normalized 

Suppose that / is an interval of real numbers with interior I and /:/—>■ R is 
a convex function on /. Then / is continuous on / and has finite left and right 
derivatives at each point of I. Moreover, it x,y G I and x < y, then f'_ (x) < 
/+ (x) < /(_ (y) < /+ (y), which shows that both /(_ and f'^ are nondecreasing 
function on /. It is also known that a convex function must be differentiable except 
for at most countably many points. 
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For a convex function / : J —)> K, the subdifferential of / denoted by df is the 
set of all functions ip : I ^ [— 00 , 00 ] such that ip C K and 

(G) / {x) > f (a) + {x — a) ip (a) for any x,a G I. 

It is also well known that if / is convex on I, then df is nonempty, f'_, S df 
and if ip G df, then 

/- (x) < ip (x) < f^ (x) for any x G 1. 

In particular, ip is a nondecreasing function. 

If / is differentiable and convex on I, then df = {/'} . 

We are able now to state and prove the hrst result concerning the quantum 
/-divergence for the general case of convex functions. 


Theorem 7. Let f : [0, 00 ) —^ R fee a continuous convex function that is normalized, 
i.c. / (1) = 0. Then for any Q, P G Si (H) , with P invertible, we have 

(3.1) 0<Sf{Q,P). 

Moreover, if f is continuously differentiable, then also 

(3.2) Sf {Q, P) < Sif, (g, P) - Sf, (g, P ), 
where the function £ is defined as £ (t) = t, t G K. 


Proof. Since / is convex and normalized, then by the gradient inequality ([G]) we 
have 

/(t)>(i-!)/;(!) 

for t > 0. 

Applying the property m for the operator p, then we have for any T G 
B2 (H) 

(/(2tQ.p)T,r), > /;(i)((2iQ,p-iB,(p))T,r)2 

= /;(i)[(aQ,pT,r)2-||ry, 


which, in terms of trace, can be written as 


(3.3) tr(T7(2lQ,p)r) >/;(!) 


tr 


Ql/2yp-l/2 


— tr 


for any T G B 2 (H). 

The inequality (13.,ip is of interest in itself. 

Now, if we take in (13.31) T = where P G Si (H ), with P invertible, then we 
get 

Sf{Q,P)>f+{l)[tr{Q)-tTiP)]=0 
and the inequality dSH) is proved. 

Further, if / is continuously differentiable, then by the gradient inequality we 
also have 

{t-i)nt)>f{t) 

for t > 0. 

Applying the property m for the operator p, then we have for any T G 
B 2 (H) 

{ (aQ,p - 1 b,(p)) f (aQ,p) T, T)^ > if (SlQ.p) T, T)^ , 
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namely 

(21q,p/' (21q,p) T, T)2 - if (21q,p) T, r)^ > (/ (SIq.p) t, r)^, 
for any T € B 2 (H), or in terms of trace 

(3.4) tr (r*aQ,p/' (21 q,p) T) - tr {T* f (SIq^p) T) > tr {T*f (21q,p) T) , 
for any T G B 2 [H). 

This inequality is also of interest in itself. 

If in (13.4|) we take T = where P G Si {H) , with P invertible, then we get 
the desired result (lO) . □ 

Remark 2. If we take in i3.2i) f : (0, 00 ) —>• R, / (t) = — In / then for Q, P G Si (H) 
and Q, P invertible we have 

(3.5) 0<UiP,Q)<xHP,Q)- 


We need the following lemma that is of interest in itself. 


Lemma 1. Let S be a selfadjoint operator on the Hilbert space {K, (•, •)) and with 
spectrum Sp (S') C [ 7 , T] for some real numbers 7 , T. Ifg : [ 7 , T] —>■ C is a continuous 
function such that 

(3.6) \g{t) - X\ < p for any t G [y,T] 

for some complex number A £ C and positive number p, then 


(3.7) \{Sg{S)x,x) - {Sx,x) {g{S)x,x)\ < p{\S - {Sx,x) lp|x,x) 


< P 


(S^x, x) — (Sx, xY 


1/2 


for any x G K, ||x|| = 1. 


Proof. We observe that 

(3.8) {Sg (S) X, x) - (Sx, x) {g (S) x, x) = ((S - (Sx, x) Ip) {g (S) - Alp) x, x) 
for any x G K, ||x|| = 1. 

For any selfadjoint operator B we have the modulus inequality 

(3.9) |(Px,x)| < (|P| x,x) for any X G itl, ||x|| = 1. 

Also, utilizing the continuous functional calculus we have for each fixed x G K, ||x|| = 
1 


|(S- (Sx,x) Ip) {g{S) - Alp)| = |S- (Sx,x) lp| \g{S) - Alp| 

< p|S- (Sx,x) lp|, 

which implies that 

(3.10) (|(S- (Sx,x) Ip) {g{S) - Alp)|x,x) < /o(|S- (Sx,x) lp|x,x) 
for any x G K, ||x|| = 1. 

Therefore, by taking the modulus in (j3.8l) and utilizing (13.9p and (13.101) we get 

(3.11) |(Sg(S)x,x) - (Sx,x) (g(S)x,x)| 

= |((S- (Sx,x) Ip) {g{S) - Alp)x,x)| 

< (|(S - (Sx,x) Ip) {g (S) - Alp)| x,x) 

< p (|S — (Sx, x) lp| X, x) 
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for any x ^ K,\\x\\ = 1, which proves the first inequality in (j3.7l) . 
Using Schwarz inequality we also have 


1/2 


1/2 


([S' — (Sa;,x) 1//| X, x) < ^(5' — (Sx, x) 1//)^ x, x^ 

= (S^x, x) — (Sx, x)^ 
for any x G ||x|| = 1 , and the lemma is proved. □ 

Corollary 1. With the assumption of Lemma\^ we have 

(3.12) 0 < (S'^x, x) — (S'x, x)^ < - (r — 7 ) ([S'— (S'x, x) li/| X, x) 

< {S^x,x) - {Sx,xf ' <i(r- 7 )^, 

for any x € K, ||x|| = 1. 

Proof. If we take in Lemma [T] 5 (t) = t, A = ^ (L + 7 ) and p = i (L — 7 ) , then we 
get 

(3.13) 0 < (S'^x, x) — {Sx, x)^ < - (r — 7 ) (IIS' — {Sx, x) 1 h\ x, x) 


(S'^x,x) - (S'x,x)' 


1/2 


for any x G K, ||x|| = 1. 

From the first and last terms in 1)3.131) we have 


(iS'^x, x) — (Sx, xY 
which proves the rest of (13.121) . 


1/2 1 

<2(r-7), 


□ 


We can prove the following result that provides simpler upper bounds for the 
quantum /-divergence when the operators P and Q satisfy the condition (I2.18P . 

Theorem 8 . Let / : [0, 00 ) —> R 6e a continuous convex function that is normalized. 
If Qy P ^ Si (H), with P invertible, and there exists R > 1 > r > 0 such that 


(3.14) r tr ( \TY 1 < tr 
for any T G B 2 (H), then 

(3.15) 


Qll2jyp-l/2 


< Rtv 


0 < Sf iQ, P)<- [f_ (R) - fY (r)] U (Q, P) 

<l[fLiR)-fY{r)]x(Q,P) 

<\iR-r) [f_iR)-fY(r)]. 

Proof. Without loosing the generality, we prove the inequality in the case that / is 
continuously differentiable on ( 0 ,oo). 

Since f is monotonic nondecreasing on [r, R] we have that 

/' (r) < f (t) < f (R) for any t G [r, R], 
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which implies that 


fit)- 


f iR) + f{r) 




for any t G [r, i?]. 

Applying Lemma[T]and Corollary [T] in the Hilbert space {B 2 {H), (•, •) 2 ) and for 
the selfadjoint operator we have 

I (21q,p/' (2tQ,p) T, T)2 - {^q.pT, T)^ (/' (21 q,p) T, T)^ \ 

< ^ [/' {R) - r (0] (|2tQ,P - (SIq.pT, T), I T, T)^ 


-, 1/2 


< 2 [/' (^) - f (’^)] [{^Q,pT, T)^ - {^q,pT, T)l 
<\{R-r) [/: (i?) -/; (r)] 

for any T G B2 (H) , ||T ||2 = 1, which is an inequality of interest in itself as well. 
If in this inequality we take T = P G Si (H) , with P invertible, then we 


get 


21q.p/' (21q,p) pi/2, - (/' (21 q,p) pi/2^ pl/2^^ 

< ^ [/' (R) - f W] (|2tQ,P - (2lQ,pPi/2^ pi/ 2 ^^ I pi/ 2 , pi/ 2 ^^ 

21 




<^(p-r) [/i (P) -/; (r)] , 

which can be written as 

1%. (Q, P) - Sf, iQ, P)| < i [/: (P) - /; (r)] 1/ (Q, P) 

<i[/:(p)-/;(r)]x(Q,i") 

<^(P-r) [/: (P) -/; (r)] . 

Making use of Theorem [7] we deduce the desired result (13.151) . 
Remark 3. If we take in I13.15\) f (t) = — 1, then we get 

(3.16) 0 < x' (Q, P) < I {R-r)V (Q, P) < ^ (P - r) x (Q, P) 

- \ 

for Q,P G Si {H) , with P invertible and satisfying the condition 
If we take in 113.15]) f (t) = tint, then we get the inequality 


□ 


(3.17) 


1 


P 


1 


0 <U{Q,P) < Tin - V{Q,P) < Tin - ]x{Q.P) 


R 


< - (P — r) In 
4 
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provided that Q,P G Si{H), with P, Q invertible and satisfying the condition 
With the same conditions and if we take f {t) = — Int, then 

(3.18) 0 < U ( P . Q )<^ ViQ , P )<^^( Q . P )< 


If we take in i3.15\) f (t) = fq (t) = then we get 


(3.19) 


0<SfJQ,P)< 

< ^ 

< 


i?i-« - 

2{l-q) V 


V{Q,P) 


2(1 - g) V 


4 (1 — g) \ 


xiQ.P) 


(R-r) 


provided that Q,P G Si{H)^ with P, Q invertible and satisfying the condition 


4. Other Reverse Inequalities 

Utilising different techniques we can obtain other upper bounds for the quan¬ 
tum /-divergence as follows. Applications for Umegaki relative entropy and 
divergence are also provided. 


Theorem 9. Let / : [0, oo) —> R 6e a continuous convex function that is normalized. 
U QiP G Si {H), with P invertible, and there exists R > 1 > r > 0 such that the 
condition is satisfied, then 


(4.1) 


0<Sf{Q,P) < 


{R-l)f{r) + {l-r)f{R) 
R — r 


Proof. By the convexity of / we have 


f{t)=f 


/ {R-t)r + (t-r) R\ 

V ) 


{R-t)f{r) + {t-r)f{R) 
R — r 


for any t G [r, i?]. 

This inequality implies the following inequality in the operator order of B {B 2 {H)) 
. . 0 , 3 . - SIq.p) / (r) + (21 q,p - rls^^n)) f (R) 

f ( 21 q . p ) < -, 

which can be written as 


(4.2) (/(2iQ,p)r,r), 

^ - 21 q . p ) T,T)^ + ^ - rlBAH)) T,T)^ 

for any T G B 2 (H). 

This inequality is of interest in itself. 

Now, if we take in (14.21) T = P G Si {H) , then we get the desired result 

(113). □ 
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Remark 4. If we take in eip / (/) = P — 1, then we get 

R + r + 2 


(4.3) 


0<x" (Q,P)<(i?-l)(l-r) 


R — r 


for Q, P G Si (H), with P invertible and satisfying the condition |g. J^[ ). 
If we take in o / [t) = tint, then we get the inequality 


(4.4) 


Q<U{Q,P)< In 


(B-l)r B(l-r) 


provided that Q,P G Si (H), with P, Q invertible and satisfying the condition 

ra- 

If we take in EIF f (t) = — In/, then we get the inequality 
(4.5) 0 < [/(P,Q) < In 

for Q,P G Si (H), with P, Q invertible and satisfying the condition 
We also have: 

Theorem 10. Let f : [0,cx)) —>■ M 6e a continuous convex function that is normal¬ 
ized. If Q,P G Si (H ), with P invertible, and there exists R > 1 > r > 0 sueh that 
the condition Jg./^l) is satisfied, then 


(4.6) 


0 < Sf iQ, p) < (1. n) 

< sup 4//(/;r,P) 




fL {R) - /; (r) 
R — r 


<-(P-r) [/: (P) -/; (r)] 


where ih/ (•; r, R) : (r, R) 


(4.7) 

We also have 

(4.8) 


4'/(/;r,i?) = 


is defined by 

/(/?)-/(/) fit)-fir) 


R — t 


t — r 


0 < Sf iQ, P) < (1; r, R) 

<\iR-r)^fil-r,R) 

<\iR-r) sup 4'/(/;r,P) 

^ t^(r,R) 

<liR-r) [f_iR)-f+ir)]. 


Proof. By denoting 


A u ^ (^ - ^) / iR) + iR-t)f ir) ^ ^ r- 

A/ (/; r, R) :=-- fit), tG [r, R\ 
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1,2 


we have 
(4.9) 


Af (t-r^R) = 


it-r)f (R) + {R-t)f (r) - {R - r) f jt) 

R — r 

{t-r)f{R) + {R-t)f{r)-{T-t + t-r)f (t) 
R — r 

(t-r) [f(R)-fit)]-iR-t) [fit)-fir)] 


M — m 


jR-t) jt-r) 
R — r 


R) 


for any t € (r, R). 

From the proof of Theorem 0 we have 


(4.10) (/(2lQ,p)r,T)2 

((glQ^pT, T), - r) / jR) + {R- i^Q,pT, T),) / (r) 
R — r 


for any T G S 2 (Ff), HTjl^ = 1. 
This implies that 


(4.11) 0 < if (SIq.p) T, T), - f ((ag.pT, T),) 

< ((2iQ,pT, T), - r) / jR) + {R- {^q,pT, T),) / (r) _ ^ 

= A/((2lQ,pr,T)2;r,i?) 


(jt;-(aQ,pr,r),) ((2tQ,pr,r),-r) 

R — r 


^f{i^Q.pT,T)^-,r, 


R) 


for any T e 62 (i?), \\T\\^ = 1. 

Since 

(4.12) vl/^((2tQ,pr,r)2;r,i?) < sup ^fit;r,R) 


tG{r,R) 





sup 

t€{r,R) 

\fiR)-fit) 

1 

1 


R — t 

t — r 



sup 

tG{r,R) 

r/(i?)-/(t)i 
R — t 

+ sup 

tG{r,R) 

^ s- 

1 1 

1 

sup 

tG(r,R) 

r/(i?)-/(t)i 
R — t 

- inf 

tG{r,R) 

1 -1 

1 1 

1 _ 1 


,ivj L. 

= f. iR) - 4 (r), 


and, obviously 


^ (i? - (aQ,pT, T),) ((2lQ,pr, r)^ - r) < i (i? - r), 


(4.13) 
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then by (14. 1111 - (14. 1311 we have 

(4.14) 0 < (/ (aQ,p) T, T)^ - f {{QIq,pT, T)^) 

{R - {^q,pT, T),) ((SIq.pT, T), - r) 
R — r 

(i?-(2tQ,pr,T)J((aQ.pr,T)2-r) 


< 


< 


R — r 


< (i?- (2lQ,pr,r)2) ((21 q,pT,T) 2 -r) 
<i(i?-r) [/: (i?) -/; (r)] 


4-/((2lQ,pT,T)2;r,i?) 


sup Ip f (t] r, R) 

fL {R) - f'p (r) 

R — r 


for any T G S 2 {H ), = 1. 

This inequality is of interest in itself. 

Now, if we take in (14.1411 T = then we get the desired result (14.611 . 

The inequality (14.811 is obvious from (I4.6|l . 

Remark 5. If we consider the convex normalized function f (t) = /^ — 1, then 


□ 


4'/(t;r,i?) = 


_/2 


J.Z Z 

t — r 


= R — r, t € {r,R) 


R — t t — r 
and we get from the simple inequality 

(4.15) 0<x"(Q,P)< (P-l)(l-r) 

for Q, P G Si {H), with P invertible and satisfying the condition {3.14^ , which is 
better than 

If we take the convex normalized function f (t) = t~^ — 1, then we have 


(i; r,R) = 


R-^ -t 


-1 


t ^ — r 


-1 


R — r 


Also 


Using we get 
(4.16) 


R — t t — r rRt 

Sf{Q,P) = x^ {P,Q). 

{R-l){l-r) 


t G [r, R] . 


0<X^ iP,Q)< 


Rr 


for Q,P G Si {H ), with Q invertible and satisfying the condition i3.14\ l- 

If we consider the convex function f ft) = — Int defined on [r, i?] C (0, 00 ), then 

, , — In i? -1- In / — In / -I- In r 

'Iif(t;r, i?) =- 

^ ^ ^ R-t t-r 

{R — r) In / — (i? — t) In r — (t — r) In i? 


(M — t){t — m) 


= In 

Then by we have 

(4.17) 0<U{P,Q)<\n 


t 


R-r 






1 — R r —1 

rH-r JlR-r 


< 


, tG {r,R). 

{R-l){l-r) 

rR 


for Q,P G Si (H), with P, Q invertible and satisfying the condition i3.14\l- 
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If we consider the convex function f (t) = i Ini defined on [r, i?] C (0, oo), then 


'^f{t-r,R) = 


RlnR — tint i In i — r In r 


R — t 


t — r 


t e (r, R), 


which gives that 


Using we get 
(4.18) 




RlnR r In r 
R—1 1 — r 


0<U{Q,P)< In 


R 


(l-r)fi 

R-r 


r 


R — r 





for Q,P G Si {H ), with P, Q invertible and satisfying the condition 
We also have: 


Theorem 11. Let f : [0, oo) — >■ K 6e a continuous convex function that is normal¬ 
ized. If Q,P € Si (H ), with P invertible, and there exists R > 1 > r > 0 such that 
the condition jS-lfl ) is satisfied, then 

/ (r) + / (R) _ ^ ^ r + R j 

Proof. We recall the following result (see for instance m) that provides a refine¬ 
ment and a reverse for the weighted Jensen’s discrete inequality: 


(4.19) 0<S'/(Q,P)<2 


(4.20) 


n min {pi } 


^ /i / -. IL ' 

-E/w-zf-i:*. 

i—1 \ i—1 / 


^ n / 1 ' 

< ^Vif (Xi) - f 




2=1 


< n max \pi} 


.. n / -. n y 


2=1 


2=1 


where / : (7 —>■ M is a convex function defined on the convex subset C of the linear 
space X, C C are vectors and are nonnegative numbers 

with Pn := > 0- 

For n = 2 we deduce from ()3.6D that 


(4.21) 


2 min {s, 1 — s} 
< sf (x) -h (1 - 


' f{x) + fiy) _ j + 
s)f{y) - f{sx + {l- s)y) 


< 2 max{s, 1 


\f{x) + f{y) 
^ 2 


/ 


x-l-y \ 

2 J 


for any x,y G C and s G [0,1]. 
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Now, if we use the second inequality in (I4.21[) ioi x = r, y = R, s = ^ 3 ^ with 


t S [r, i?], then we have 
(4 22) + (^ - ’’) / (^) 


< 2 max 


1 + 


R — r 

R — t t — r 


R — R — r 


-fit) 
fir) + fiR) 


-f 


R — r 


t — 


r + i? 


fir)+fiR) 


-/ 


r + i? 

2 

r + i? 


for any t G [r, i?]. 

This implies in the operator order of B {B 2 (H)) 

(R^BiiH) - 21 q,p) f ir) + (Stg.p - 'rlzjalP)) f (^) 


< 


fir) + fiR) 


-f 


R — r 
r + R 


-/(21q,p) 


Of r + R 


X l£52(ff) + 
which implies that 

(4.23) 0 < (/ (21q,p) T, r)2 - / ((aQ,pT, T)^) 

< ((2iQ.pT, T), - r) / (i?)i + (i? - (glg.pT, T),) / (r) _ ^ 


< 


fir)+f{R) 


1 + 


-/ 


R — r 
r -\- R 


< 2 


R—r 

fir)+fiR) 


r R 

\ 1 

21 q,p 2 



-/ 


r + i? 


for any T G -B 2 (7?), \\T\\^ = 1. 

This is an inequality of interest in itself. 

If we take in (j4.23l) T = P £ Si [H] , then we get the desired result 

(om . □ 


Remark 6. If we take / (t) = — 1 in 1)4 ■19\ ), then we get 

0<x' (Q,T)<i(P-r)" 


for Q,P G Si {H ), with P invertible and satisfying the eondition \3.14% which is 
not as good as |^.I5[ ). 

If we take in i4.19\l / (t) = — 1, then we have 


(4.24) 


0<x' iP,Q)< 


jR-r)^ 

rR (r + R) 


for Q, P G Si (H ), with P invertible and satisfying the condition {3.14\j. 
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1,2 


If we take in Ii4.19\) f (t) = — In t, then we have 


(4.25) 


0 < (P, Q) < In 


{R + rf 
ArR 


for Q,P G Si {H ), with P invertible and satisfying the condition 
From i3.18\) we have the following absolute upper bound 


(4.26) 


0<U{P,Q)< 


(R-rY 

ArR 


for Q,P G Si {H ), with P invertible and satisfying the condition {3.14\} . 
Utilising the elementary inequality In a; < a; — 1, a: > 0, we have that 


In 


{R + rY 

ArR 


< 


(R-rY 

4ri? 


which shows that Ii4.25\ ) is better than 
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